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For isotropic elastic materials in ﬁnite deformation, any
Lagrangian stress tensor such as the second Piola-Kirchhoff stress
T can be considered as an isotropic tensor-valued function of the
right Cauchy-Green deformation tensor C, i.e. T = T(C). Tensor C is
related to the right-stretch tensor U as C = U2. The eigenvalues of
U are called the principal stretches. By considering the kinematic
tensor C at a ﬁxed material point as a function of time, the stress
T will also be a function of time and its rate can be investigated.
The stress rate has an important role to play in the description of
material behavior. The component formof stress rate in theprincipal
axes of C, called as the Lagrangian triad, can be easily obtained using
the results of Hill (1968) and Ogden (1974, 1984). In order to avoid
calculation of the eigenvalues and corresponding eigenvectors of
tensors, the invariant or basis-free representation of tensor valued
functions has great advantages over component form representa-
tion, such that many researchers have obtained some basis-free re-
sults for tensor quantities in the ﬁeld of nonlinear continuum
mechanics. As some examples, the works of Wang and Duan
(1991), Xiao (1995), Hoger (1986), Hoger (1987), Man and Guo
(1993),Dui et al. (1999), Asghari andNaghdabadi (2007) andAsghari
et al. (2008) can be cited. Speciﬁcally, basis-free expressions for the
stress rates can be found inMarsden andHughes (1993) andDui and
Chen (2004). In an interesting work, Dui and Chen (2004) obtained
basis-free expressions for the stress rate for general isotropic elastic
materials in ﬁnite deformations. Their results include the distinctll rights reserved.principal stretches case aswell as some cases of coalescent principal
stretch cases. The available basis-free results do not cover all possi-
ble casesof coalescencecases. Theaimof thiswork is to complete the
available results by presenting basis-free expressions for coales-
cence cases which are generally valid.
2. Preliminaries
For isotropic elastic materials, the constitutive equations can be
written in a component form as (Dui and Chen, 2004)
T ¼
X3
i¼1
tiðK1;K2;K3ÞNi  Ni ¼
X3
i¼1
f ðKi; I1; I2ÞNi  Ni ð1Þ
where Ki and Ni are the eigenvalues and unit orthogonal eigenvec-
tors of C, respectively. Also, I1 =K1 +K2 +K3 and I2 =K1K2 +
K1K3 +K2K3 are the ﬁrst and second principal invariants of C,
and ti are the eigenvalues of T. Indeed, Eq. (1) is a component form
representation of the general isotropic tensor-valued function T(C).
The possibility of writing the eigenvalues of T as f(Ki, I1, I2) indicates
some properties for function ti, such as t1(K1, K2, K3) = t1(K1, K3,
K2) and t2(K1, K2, K3) = t2(K3, K2, K1), or t1(K1, K2, K3) = t2(K2,
K1, K3). Since T is an isotropic tensor function of C, _T is an isotropic
tensor function of C and _C, linear in _C (Chadwick and Ogden, 1971).
Basis-free expressions for _T in the case of distinct principal
stretches, i.e. for times with K1(t)–K2(t)–K3(t)–K1(t), have
been provided by Dui and Chen (2004). Since this work considers
only coalescence cases, the reader can refer to the mentioned ref-
erence for the expressions corresponding to the distinct principal
stretches. For the case of double coalescence, i.e. K1(t)–K2(t) =
K3(t): =K0(t) with the assumption _K2ðtÞ ¼ _K3ðtÞ :¼ _K0ðtÞ, Dui and
Chen (2004) derived the following result
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with _E ¼ _C=2 as the rate of the Green-Lagrange strain tensor
E = (C  I)/2. The coefﬁcients a1; a2, and a4 have been presented in
Dui and Chen (2004). In the next section, we discuss that though
Eq. (2) is correct in the mentioned particular conditions of dou-
ble-coalescence, but it is not generally valid.
For the case of triple coalescence, i.e. K1(t) =K2(t) =K3(t): =
K0(t) with the assumption _K1ðtÞ ¼ _K2ðtÞ ¼ _K3ðtÞ :¼ _K0ðtÞ, Dui and
Chen (2004) provided the following result
_T ¼ 2 @t1
@K1
þ @t1
@K2
þ @t1
@K1
 
_E ð3Þ
This result is valid in the mentioned special conditions of triple-coa-
lescence, and not in general. In the following sections, this issue will
be discussed in detail and some results are provided which are gen-
erally valid for all triple-coalescence cases.
3. Double coalescence
In a three-dimensional real inner product space, consider the
right Cauchy-Green deformation tensor C at a speciﬁc material
point as a function of time t, with t 2 I where I is a time interval.
We denote Ii ði ¼ 1;2;3Þ as the subsets of I at which the principal
stretches are distinct, double-coalescent and triple-coalescent,
respectively. Also, the interior of each Ii is denoted by I
0
i . For
t 2 I2, let us assume K1(t)–K2(t) =K3(t): =K0(t). In this situa-
tions, N1 the corresponding unit eigenvector of K1 is uniquely
determined, while there are many choices for N2  N3. Indeed,
there are inﬁnite choices for the Lagrangian triad. Also, in view of
ti(K1, K2, K3) = f(Ki, I1, I2) it can be written
t3 ¼ t2 :¼ t0; t 2 I2: ð4Þ
Over I02, the equality _K2 ¼ _K3 is held, and one can write (Dui and
Chen, 2004)
_E23 ¼
_C23
2
¼ 0; t 2 I02; ð5Þ
_T23 ¼ 0; t 2 I02; ð6Þ
_T22 ¼ _T33; t 2 I02; ð7Þ
where all over this paper Aij denotes the components of a consid-
ered tensor A with respect to a Lagrangian triad, i.e. Aij = NiANj.
Using Eqs. (5)–(7), Eq. (2) can be obtained for basis free expressing
of _T. The crucial fact is that _K2 ¼ _K3 and Eqs. (5)–(7) are only valid
for times belonging to the interior of I2, and not any t 2 I2. Thus,
the validity of Eq. (2) is assured only for t 2 I02.
Now, a basis-free expression for _Twhich is generally valid for all
times belonging to I2 is presented. Since T is an isotropic function
of C, according to the results of Chadwick and Ogden (1971) which
also has been repeated in Ogden (1984), one can write the follow-
ing generally valid relations between components of _T and _C for
t 2 I2
_Tii ¼
X3
j¼1
@tiðK1;K2;K3Þ
@Kj
_Cjj; i ¼ 1;2;3 ð8Þ
_T1i ¼ t1  t0K1 K0
_C1i; i ¼ 2;3; ð9Þ
_T23 ¼ @t2ðK1;K2;K3Þ
@K2
 @t3ðK1;K2;K3Þ
@K2
 
_C23 ð10Þ
emphasizing that _C11 ¼ _K1. In view of ti(K1,K2,K3) = f(Ki, I1, I2) and
K2 =K3: =K0, one can conclude@t1
@K2
¼ @t1
@K3
:¼ a; @t2
@K1
¼ @t3
@K1
:¼ b; @t2
@K2
¼ @t3
@K3
:¼ c;
@t2
@K3
¼ @t3
@K2
:¼ d ð11Þ
Since _T is an isotropic function of C and _C, and also linear in _C,
according to the representation theorem it can be written (Truesdell
and Noll, 1992)
_T ¼ a1Iþ a2Cþ a3C2 þ a4 _Cþ a5ðC _Cþ _CCÞ þ a6ðC2 _Cþ _CC2Þ; ð12Þ
where a1, a2, a3 are isotropic scalar-valued functions of C and _C, lin-
ear in _C. Also, a4, a5, a6 are isotropic scalar-valued functions of C. For
t 2 I2, C2 can be replaced with (K1 +K0)C K1K0I. Thus, Eq. (12) is
rewritten as
_T ¼ a1Iþ a2Cþ a3 _Cþ a4ðC _Cþ _CCÞ ð13Þ
Equating the results for _T12 and _T13 obtained from Eq. (13) with
those from (9), it can be written
a3 þ ðK1 þK0Þa4 ¼ t1  t0K1 K0 ð14Þ
Now using Eq. (11) and considering the results for _T23 from Eqs. (10)
and (13), similarly we arrive at
a3 þ 2K0a4 ¼ @t2
@K2
 @t2
@K3
ð15Þ
Eqs. (14) and (15) result in
a3 ¼ 1K1 K0 ðK1 þK0Þ
@t2
@K2
 @t2
@K3
 
 2K0 t1  t0K1 K0
 
ð16Þ
a4 ¼ 1K1 K0
t1  t0
K1 K0 
@t2
@K2
þ @t2
@K3
 
ð17Þ
In this step by equating the results for diagonal components of _T ob-
tained from Eqs. (10) and (13), we get
a1 þ a2Ki þ a3 _Cii þ 2a4Ki _Cii ¼
X3
j¼1
@ti
@Kj
_Cjj; i ¼ 1;2;3: ð18Þ
In view of Eq. (11), from Eqs. (16) and (17) for i = 1 one can get the
following result
a1 þ a2K1 ¼ k11 _C11 þ k12 _C22 þ _C33
 
; ð19Þ
where
k11 ¼ @t1
@K1
þ @t2
@K2
 @t2
@K3
 2 t1  t0
K1 K0 ; k12 ¼
@t1
@K2
: ð20Þ
Similarly, for both i = 2 and i = 3 the following same result can be
obtained
a1 þ a2K0 ¼ k21 _C11 þ k22 _C22 þ _C33
 
ð21Þ
where
k21 ¼ @t2
@K1
; k22 ¼ @t2
@K3
: ð22Þ
In view of Eqs. (19) and (21), it can be written
½M
a1
a2
 
¼ kij
  _C11
_C22 þ _C33
 !
; ð23Þ
where
M
  ¼ 1 K1
1 K0
 
: ð24Þ
Eq. (23) may be used to write a1 and a2 in terms of the eigenvalues
of C, i.e.Ki, and _Cii ¼ Ni  _CNi. But we seek for a basis-free expression
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they need the eigenvector calculation Ni. To overcome this problem,
we consider the following identity
Cm : _C ¼ trðCm _CÞ ¼ Km1 _C11 þKm0 ð _C22 þ _C33Þ; m ¼ 0;1: ð25Þ
In matrix notation, it can be rewritten as
trð _CÞ
trðC _CÞ
 !
¼ M T _C11
_C22 þ _C33
 !
ð26Þ
So that we have
_C11
_C22 þ _C33
 !
¼ M T trð _CÞ
trðC _CÞ
 !
ð27Þ
Substitution of Eq. (27) into (23) gives
a1
a2
 
¼
a11 a12
a21 a22
 
trð _CÞ
trðC _CÞ
 !
ð28Þ
where
a11 a12
a21 a22
 
¼ M 1 kij  M T ð29Þ
Finally, with use of Eqs. (13) and (28) one can arrive at
_T ¼ a11trð _CÞ þ a12trðC _CÞ
h i
Iþ a21trð _CÞ þ a22trðC _CÞ
h i
C
þ a3 _Cþ a4ðC _Cþ _CCÞ; 8t 2 I2; ð30Þ
recalling that a3; a4 and aij are given by Eqs. (16), (17) and (29).
4. Triple coalescence
For t 2 I3, we have K1(t) =K2(t) =K3(t): =K0(t). In this situa-
tions, there are inﬁnite choices for the Lagrangian principal axes
Ni. Also, in view of ti(K1, K2, K3) = f(Ki, I1, I2), it can be written
t3 ¼ t2 ¼ t1 :¼ t0; t 2 I3 ð31Þ
Over the interior of I3, i.e. I
0
3, the equality _K1 ¼ _K2 ¼ _K3 :¼ _K0 is
held, and it can be written
_C ¼ 2 _E ¼ _K0I; t 2 I03; ð32Þ
In these conditions, Eq. (3) can be derived for _T, as presented in Dui
and Chen (2004). Obviously, Eqs. (32) and (3) are valid only on I03.
For an instant belonging to I3 but not to its interior, we may have
_K1 – _K2 – _K3 – _K1. Now, a basis-free expression for _T which is
generally valid for all times belonging to I3 is presented. Since T
is an isotropic function of C, according to the results of Chadwick
and Ogden (1971) one can write the following generally valid
relations between components of _T and _C with respect to the
Lagrangian triad for t 2 I2
_Tii ¼
X3
j¼1
@tiðK1;K2;K3Þ
@Kj
_Cjj; i ¼ 1;2;3; ð33Þ
and
_Tij ¼ @tiðK1;K2;K3Þ
@Ki
 @tiðK1;K2;K3Þ
@Kj
 
_Cij; i– j ð34Þ
In view of ti(K1, K2, K3) = f(Ki, I1, I2) and K1 =K2 =K3: =K0, one
can conclude
@ti
@Ki
:¼ a; i ¼ 1;2;3; ð35Þand
@ti
@Kj
:¼ b; i– j ð36Þ
Combination of Eqs. (33)–(36) results in
_Tii ¼ a _Cii þ b _Cjj þ _Ckk
 
¼ btrð _CÞ þ ða bÞ _Cii; i– j– k– i ð37Þ
and
_Tij ¼ ða bÞ _Cij; i– j: ð38Þ
With Eqs. (37) and (38) in hand, the following result can be deduced
_T ¼ btrð _CÞIþ ða bÞ _C; 8t 2 I3: ð39Þ
This result is valid for all triple coalescence cases, either with equal
rate of principal stretches or without equality between rate of any
pair of principal strethces.
5. Conclusions
Although there are some basis-free results for the rate of
Lagrangian stresses in isotropic elastic materials at the cases of
coalescent principal stretches in the literature, but there are not
cover all possible coalescence situations. In other words, the avail-
able results are not generally valid, however they are valid for
times belonging to I02 and I
0
3, which are the interior of time inter-
vals of double and triple coalescence, respectively. Notifying this
deﬁciency for the available results in the literature, in this work
some basis-free expressions are presented for the cases of double
and triple coalescent principal stretches, i.e. for times belonging
to I2 and I3. The results are generally valid either for times belong-
ing to the interior of I2 and I3, or not. Eq. (30) is the obtained re-
sults for the case of double coalescence, and Eq. (39) is the one
corresponding to the case of triple coalescence.
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